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Brief Introduction to BECs

• 1924: S. Bose and A. Einstein realize that Bose statistics predicts a
Maximum Atom Number in the Excited States: a Quantum Phase
Transition.

• 1995: E. Cornell, C. Wieman and W. Ketterle realize BEC in a dilute gas of
87Rb and 23Na: 2001 Nobel Prize.

• Today:

– ∼ 50 Experimental Groups have achieved BEC (in 100-108 atoms of Rb,
Li, Na, H).

– O(104) Theoretical and O(103) Experimental papers !
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An Example of BEC (I. Bloch’s group)
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Mean-Field Models of BEC: why do we care ?

BEC

• Many Body Hamiltonian

Ĥ =

∫

drΨ̂†
[

− ~
2

2m
∆+ Vext(r)

]

Ψ̂+
1

2

∫

drdr′Ψ̂†(r)Ψ̂†(r′)V (r− r
′)Ψ̂(r′)Ψ̂(r)

(1)

• Bogoliubov Decomposition:

Ψ̂ = Φ(r, t) + Ψ̂′(r, t) (2)

• Φ is now a regular wavefunction (the expectation value of the field
operator). Its equation:

i~
∂Φ

∂t
= − ~

2

2m
∆Φ+ Vext(r)Φ+ g|Φ|2Φ (3)

• for dilute, cold, binary collision gas.

• But: This is 3D NLS with a Potential: GP !
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Low Dimensional Reductions

• 1d Magnetic Trap and/or Optical Lattice

V (x) =
1

2
Ω2x2 + V0 sin

2(kx+ θ) (4)

• 2d Magnetic Trap and/or Optical Lattice

V (x, y) =
1

2

(

Ω2
xx

2 +Ω2
yy

2
)

+ V0
(

sin2(kx+ θ) + sin2(ky+ θ)
)

(5)

• Typical 1d Scenario: g > 0 ⇒ Exact Prototypical Solutions: Dark Solitons

Φ(x, t) = e−it tanh(x− x0) ⇒ n = |Φ|2 = tanh2(x− x0) (6)

• It is also possible to have Multiple Spin States of a Bose Gas (such as 87Rb
or 23Na or mixtures thereof) ⇒ In this setting, the Vector NLS Model reads:

i
∂ψn

∂t
= −1

2
∇2ψn + Vn(r)ψn +

N
∑

k=1

[

gnk|ψk|2ψn − κnkψk +∆nkψn
]

. (7)
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One Component Motivation: Dark Soliton Dynamics

Early Experiments in JILA, NIST, Hanover
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Improved Experiments in Heidelberg (M. Oberthaler group)
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3-, 4-, N-soliton States
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Improved Experiments in Pullman (P. Engels group)

c) d) e)

f) g) h)

i) j) k)

Direction of sweep

Dipole beam

BEC

x

y

z

0.0 0.2 0.4 0.6 0.8
2

3

4

5

6

7

8

Sweep velocity [mm/s]

A
m

ou
nt

of

ex
ci

ta
tio

n
x

[a
.u

.]

a) b)

c) d) e)

f) g) h)

i) j) k)

c) d) e)

f) g) h)

i) j) k)

c) d) e)

f) g) h)

i) j) k)

Direction of sweep

Dipole beam

BEC

x

y

z

Direction of sweep

Dipole beam

BEC

x

y

z

0.0 0.2 0.4 0.6 0.8
2

3

4

5

6

7

8

Sweep velocity [mm/s]

A
m

ou
nt

of

ex
ci

ta
tio

n
x

[a
.u

.]

a) b)

10



Improved Experiments in Hamburg (K. Sengstock group)
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Two-Component Motivation: Dark-Bright Solitons in Nonlinear Optics

• Dark-Bright Solitons were shown to Robustly Persist in Photorefractive
Crystals
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Further Early Motivation: Dark-Bright Soliton Pairs in Photorefractives

• Optical (Dark) Solitons were found to be Glued Together by Attraction
between the Non-Soliton Beams they Guide

• This gave rise to the notion of Solitonic Gluons
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More Recent Motivation: (Pseudo)-Spinor Experiments in BECs

2-Components, 1-dimension: Dark-Bright Solitons in Pullman
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More Complex Configurations: Multi-Dark-Bright Solitons in BECs (2, 3,
4, 5,...)
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More Complex Dynamics: Interaction of Dark-Bright Solitons with
Barriers
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(Even) More Complex Dynamics: Counter-Flow Experiments

Spontaneous Production of Dark-Bright and Dark-Dark Solitons
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Another Recent Addition: Creation of DBB and DDB in Experiments
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One Component Analysis: the Near-Linear Limit

• The Simplest Model reads

iUt +
1

2
Uxx − |U |2U =

1

2
ω2x2U (8)

• Model assumes strong anisotropy (ω ≪ 1), and µ≪ ~ω⊥, so that
φ0(r) ∝ exp(−r2/2a2r).

• The Steady State Problem, for U(x, t) = e−iµtu(x) (µ is the Chemical

Potential) with L = −1
2
d2

dx2 +
1
2
ω2x2 reads:

µu = Lu+ |u|2u (9)

• Consider Expansion near the Linear Limit u =
√
ǫu0 + ǫ3/2u1 + . . . and

µ = µ0 + ǫµ1 + . . . This leads to the solvability condition µ1 =
∫

|u0|4dxdydz.

• The Linearization Bogoliubov-de Gennes problems then reads:

H0 =

(

L1 0
0 −L1

)

, (10)

where L1 = L − µ0 while

H1 =

(

2|u0|2 − µ1 u20
−(u20)

⋆ µ1 − 2|u0|2
)

, (11)
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Numerical Findings in 1d Case
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• In the Linear Limit, the spectrum for 1, 2, 3, . . . Dark Solitons is,
respectively:

Ω = ±(n− 1), n− 2, n− 3 . . . , n = 0,1, . . . (12)

• Using Perturbation Theory, for 1 Dark Soliton we obtain:
∣

∣

∣

∣

Ω1 − 1+
ε2

8
√
2π

∣

∣

∣

∣

≤ C1ε
4 (13)

• Another Limit known is the so-called Thomas-Fermi Limit

Ω0 = 1, lim
µ→∞

Ω1 =
1√
2
, lim

µ→∞
Ωm =

√

m(m+1)√
2

, m ≥ 2 (14)

• Dipolar Oscillation Frequency Ω0 = 1 is fixed due to Transformation

u(x, t) = eip(t)x−
i

2
p(t)s(t)− i

2
t−iµt−iθ0φ(x− s(t)), (15)

where ṡ = p, ṗ = −s
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Main Focus: Highly Nonlinear Limit

• Consider the GPE Energy

H1D =
1

2

∫ ∞

−∞
|ux|2 +

(

|u|2 − µ
)2
dx.

• For a Dark Soliton Solution:

u(x, t) = e−iµt
[

√

µ− v2 tanh

(

√

µ− v2(x− x0)

)

+ iv

]

, (16)

• Obtain H1D = (4/3)(µ− ẋ20)
3/2. Konotop-Pitaevskii (PRL, 2004) assuming

the Adiabatic Invariance of µ→ µ− V (x), obtained:

H1D =
4

3

(

µ− V (x0)− ẋ20
)3/2 ⇒ ẍ0 = −1

2
V ′(x0), (17)

• Oscillatory Dynamics with ω = Ω√
2
for Parabolic Potential V (x) = 1

2
Ω2x2.
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Higher Dimensional Case: Transverse Instability

24



Higher Dimensional Case: Transverse Instability (Contd.)
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Theory: Adiabatic Invariants for Soliton Filaments

• Start with 2D GPE:

iut = −1

2
(uxx + uyy) + |u|2u+ V (x)u, (18)

• Consider a 1D Potential and its center depending as x0 → ξ = ξ(y, t), using
the soliton in the 2D energy:

H2D =
1

2

∫∫ ∞

−∞

[

|ux|2 + |uy|2 +
(

|u|2 − µ
)2
]

dx dy.

• Now, using the Solitonic Ansatz, we obtain the Filament Energy Functional:

E =
4

3

∫ ∞

−∞

(

1+
1

2
ξ2y

)

(

µ− V (ξ)− ξ2t
)3/2

dy. (19)

• From this, we can obtain the Filament Dynamical PDE with
A = µ− V (ξ)− ξ2t and B = 1+ 1

2
ξ2y .

ξttB+
1

3
ξyyA = ξy ξt ξyt −

1

2
V ′(ξ)

(

B − ξ2y
)

, (20)
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Theory: Adiabatic Invariants for Soliton Filaments (Contd.)

• Assuming that ξ = ξ(t) is only a Function of Time yields

ξtt = −1

2
V ′(ξ),

• For Weak undulations, and for V (x) = 0, the dynamics is described by (cf.
with Kuznetsov-Turitsyn (JETP, 1988))

ξtt +
1

3
µ ξyy = 0,

• For Weak undulations, and for V 6= 0, the Linearized PDE reads [this has
implications for TI in Finite and Infinite Domains]:

ξtt +
1

3
(µ− V (ξ0)) ξyy = −V

′′(ξ0)

2
ξ,

• For V (x) = 1
2
Ω2x2, one can Linearize Around a Uniform Equilibrium, using:

ξ(y, t) = X0 + ǫ exp(λt) cos(kny) to obtain:

λ = iω =

√

1

3
µk2n −

1

2
Ω2, (21)
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Spectral Comparison
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Adiabatic Invariants for Ring Dark Solitons

• For a Ring Dark Soliton in 2D, the Radial Energy is approximately:
E = 2πR× (µ− Ṙ2 − V (R))3/2.

• Including Azimuthal Undulations R = R(θ, t), we can obtain the Adiabatic
Invariant

E =
4

3

∫ 2π

0

R

(

1+
R2
θ

2R2

)

(

µ−R2
t − V (R)

)3/2
dθ. (22)

• From this, the Dynamically Relevant PDE Model with C = µ− V (R)− R2
t

and D = 1+ R2
θ/(2R

2) reads:

CD − Rθθ

R
C = −Rθ

R

(

3

2
V ′(R)Rθ +3RtRtθ

)

+ RD

(

3

2
V ′(R) + 3Rtt

)

. (23)

• Identifying the Equilibrium Radius and Linearization Frequencies

(µ− V (R0))

3R0
=
V ′(R0)

2
, and ω2 =

V ′(R0)

2R0

[

5

3
− n2 +

R0V ′′(R0)

V ′(R0)

]

.

• For the Experimentally Relevant V (R) = (1/2)Ω2R2, this yields:

R2
0 =

µ

2Ω2
and ω = ±

(

1

2

(

8

3
− n2

))1/2

Ω. (24)
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Confirming the Prediction: Existence/Stability of RDS
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Confirming the Prediction: Dynamics of RDS
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Confirming the Prediction: Dynamics of RDS (Contd.)
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3d Extensions: Planar and Spherical Dark Solitons

• For Planar Dark Solitons, the Center Position ξ = ξ(y, z, t) represents an
Evolving Surface with:

E =

∫
(

1+
1

2
ξ2y +

1

2
ξ2z

)

(

µ− V (ξ)− ξ2t
)3/2

dydz.

• For Spherical Dark Shells the Radial Position R = R(θ, φ, t),

E =
4

3

∫

R2

(

1+
R2
θ

2R2
+

R2
φ

2R2 sin2(θ)

)

(

µ−R2
t − V (R)

)3/2
dθdφ.

• From this obtain Equilibrium Position and Linearization with
Ã =

∫ π

0
R2

1 sin θdθ, B̃ =
∫ π

0
(R′

1)
2 sin θdθ, and C̃ =

∫ π

0
R2

1 sin θdθ

(R1 = P l
n(cos(θ))):

2(µ− V (R0))

3R0

=
V ′(R0)

2
,

ω2

Ω2
=

7

6

V ′(R0)

R0

+
1

2
V ′′(R0)−

V ′(R0)

4R0

(

B̃

Ã
+ n2C̃

Ã

)

,

• For the Experimentally Relevant V (R) = (1/2)Ω2R2, this yields:

ω2 = Ω2

(

5

3
− 1

4

(

B̃

Ã
+ n2C̃

Ã

))

. (25)
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Spherical Dark Shell Solitons: Existence

34



Spectral Comparison & Dynamics
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Multi-Component Extension: Dark-Bright Solitons

• Consider the Manakov Model:

iut = −1

2
uxx +

[

Vd + |u|2 + |v|2 − µd
]

u,

ivt = −1

2
vxx +

[

Vb + |u|2 + |v|2 − µb
]

v. (26)

• The Dark-Bright Solitons are Exact Solutions that read:

u =
√
µd(cos(α) tanh(ν(x− ξ)) + i sin(α)), (27)

v =
√

Nbν/2 sech(ν(x− ξ))e−iµbteiξ̇x, (28)

• Using: A=A(x)=(µd +N2
b /16− Vd(x))

1/2, the DB Free Energy reads:

GDB,1D =
4

3
A3 − 2ξ̇2A+Nb

(

Vb −
1

2
Vd

)

,

• Adding Gy =
1
2

∫ (

|uy|2 + |vy|2
)

dx, yields the 2D Free Energy:

GDB,2D =

∫

GDB,1D + ξ2y

(

2

3
A3 − 1

8
N2
b A+

1

48
N3
b − ξ2t

8µd +N2
b − 8Vd

8A

)

dy,

36



Dark-Bright Solitons Continued

• For Center Position ξ = X0 + ǫ cos(kny)X1(t), the Near Linear Filament
Dynamics reads:

X1tt = −ω2
nX1,

with (squared) eigenfrequencies

ω2
n =

1

2
V ′′
d − Nb

4A0

(

V ′′
b − 1

2
V ′′
d

)

− k2n

(

1

3
A2

0 +
1

96

N3
b

A0
− 1

16
N2
b

)

, (29)

• For the Experimentally Relevant Vd,b(x) = (1/2)Ω2x2, this yields:

ω2
n =

1

2
Ω2 − Nb

8A0
Ω2 − 1

3
µdk

2
n −

(

Nb

4A0
− 1

)

N2
b k

2
n

24
. (30)

• This encompasses Dark 1D (1st term), Bright Contribution 1D (2nd term),
Dark Transverse Effect (3rd term) and Bright Transverse Effect (4th term).
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Spectral Comparison
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DB Line Transverse Instability
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DB Line Transverse Instability (Contd.)
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Planar Dark Solitons in 3d

Instability ⇒ Vortex Rings: B.P. Anderson et al. PRL 86, 2926
(2001).
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Planar Dark Solitons in 3d (Contd.)
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Bifurcating Single Vortex Ring in 3d
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Dynamical Formulation for Vortex Ring

• Consider the Lagrangian Formulation for a Vortex Ring (see, Ruban’s work:
e.g., arXiv:1706.04348 (published in JETP Letters))

L =

∫

F (R,Z)Zt − ρ(R,Z)

√

R2 +R2
θ + Z2

θ dθ (31)

Here, F is a function such that FR = ρ(R,Z)R and the Asymptotic (TF)
density ρ= µ− V (R,Z).

• Then, the PDEs describing the R- and Z-motion of the VR read (with

A =
√

R2 +R2
θ + Z2

θ (the Cylindrical Arclength):

ρRRt = −ρzA+
∂

∂θ

(

ρZθ

A

)

(32)

ρRZt = ρRA+
ρ

A
R− ∂

∂θ

(

ρZθ

A

)

(33)

• From this obtain Equilibrium with Z = 0 and R = R0 = (2µ)/(3Ω2
R) and

Linearizing with R = R0 +
∑

ǫRm cos(mθ) and Z =
∑

ǫZm cos(mθ), we obtain
the Frequencies:

ω =
3

R2
⊥

(

(m2 − λ̃2)(m2 − 3)
)1/2

(34)

• Conclusion: Rings for 1 < λ̃ = Ωz/ΩR < 2, Stable, Otherwise Unstable.
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Spectral Comparison
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VR Instability Dynamical Evolution
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Usefulness for Understanding Experiments: VL/VR Collisions
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Details of VL/VR Collision Experiments
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A Theoretical Understanding of VL/VR Collision Experiments
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2D Extension: A Single Vortex-Bright Soliton
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3D Extensions: Vortex Line-Bright and Vortex-Ring Bright
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Beyond Mean-Field: Transverse Instability of Bent Dark Solitons
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Beyond Mean-Field: Bent Dark Solitons (Contd.)
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Beyond Mean-Field: Dark-Bright Solitons
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Summary of Results

• Gave Physical Motivation for the study of Dark & Dark-Bright Filament
Coherent Structures, especially in Higher Dimensional Settings.

• Unveiled Transverse Instabilities by means of Adiabatic Invariant Approach
in 2D, and 3D. Used it to obtain Steady States, Stability and Dynamics.

• Considered Extensions to Ring Dark Solitons and to Planar, as well as Shell
Dark Solitons.

• Considered Generalizations to Multi-components exploring the case of
Dark-Bright Solitons and their Higher-dimensional Analogues.

• Also Examined Variations towards Vortex Ring Filaments and their
Existence/Stability/Dynamics.

• Demonstrated Practical Usefulness of these considerations in Explaining
Observations of Higher Dimensional Experiments.
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Present/Future Challenges

• One can examine Multi-dimensional Case of Interacting Dark Solitons

• One can consider Connection of Collapse in the context of Filament
Equations with Formation Time of Vortical Patterns.

• It is relevant to Examine Dynamics in Intrinsic Variables such as
Arclength-Normal.

• Determine Filamentary Description of Vortex Lines and their Kelvin Waves.

• Describe Multi-Component, Multi-Dimensional Structures as Filaments.

• Can Something be explored in the Quantum, Many-Body Case ?
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Bifurcating Double Vortex Ring in 3d
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Bifurcating Triple Vortex Ring in 3d
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