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@ The model has 19 free parameters (10 masses, 3 gauge couplings, 5 angles, Higgs vev)... Particles: quarks
& antiquarks, leptons & antileptons, gauge & Higgs bosons...

@ What determines the free parameters? Why this particular pattern of gauge fields and multiplets?
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The other great pillar of theoretical physics is the General theory of Relativity...
Despite its name, the theory is virtually a theory for the gravitational field...

Again, a series of impressive confirmations... the latest being the discovery of gravitational waves from
LIGO in 2016...

Nobel prizes... (even more to comel)

1993

@ Classical theory breaks down at the (unresolvable) singularities...

Trying to combine gravity with quantum mechanics (Quantum Gravity) yields a non-renormalizable QFT...

@ Naturalness & hierarchy problems: e.g. why is the weak force so much stronger than gravity?
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String theory

@ There have been many interesting ideas dealing with all these issues... For example: e GUTs... e higher-
dimensional spacetimes (Kaluza-Klein mechanism)... e supersymmetry...

@ String theory combines the above ideas in a proposal that resolves the divergence problem...
The idea is simple: spread out point particles to form strings!

time

space
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Key features of string theory:

String theory contains a massless spin-2 state (graviton) whose interactions are those predicted by GR.
A quantum gravity theory without divergences!

Grand unification: string theory groups are large enough to contain the SM.

Extra dimensions: usually 4 large and 6 small compact dimensions.

Supersymmetry: either manifest or spontaneously broken...

Chiral gauge couplings allowed in string theory.

No free parameters!

Uniqueness: no freedom in choosing gauge group & representations

However: no experimental verification yet... string phenomenology in its infancy...
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Heterotic
@ The letter " M” stands for " magic, mystery and matrix” \/ S-duality \/

according to one of its founders, Edward Witten...

@ Others have associated "M” with "membranes” ...
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Membranes

@ The idea behind membrane theory is simple: replace 1-dimensional strings with 2-dimensional membranes...

point

string
(closed) (closed)

@ Like strings, membranes can be supersymmetrized... we thus obtain supermembranes...

@ There are reasons to believe that membranes (or " M2-branes” ) are the fundamental objects of 11-dimensional
M-theory, just like strings are the fundamental objects of 10-dimensional string theory...
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@ In 2002, Berenstein, Maldacena and Nastase (BMN) proposed a
reformulation of the BFSS matrix model on a particular type of
weakly curved space-times that are known as plane-waves...

@ The BMN matrix model is a deformation of the BFSS matrix model
by mass terms and a flux (Myers) term...

@ In the large-N limit, the BMN matrix model is again known to
reduce to a theory of membranes inside an 11-dimensional plane-
wave background...
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@ The Hamiltonian of a bosonic relativistic membrane in the above background reads
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9 36 3

in the so-called light-cone gauge (x4 = 7).

@ The corresponding equations of motion and the GauB-law constraint are given by:
5= {{xg} gk + et ot = ot Seancboond. o {d b+ 3 {vy) =0
i=1 j=1

2
.. W
vi={{vi.yi}.yi} +{{vix}.x} - 3
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2
{(—3‘;7 ej} = €jjk €k, /e,- €j do = 73 5,1

@ As we will see, the above ansatz leads to an interesting dynamical system with stable and unstable
solutions that describe rotating and pulsating membranes of spherical topology.

@ Similar work in flat space has previously been carried out by (Axenides-Floratos, 2007).
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@ The Hamiltonian has an obvious SO(2) x SO(2) x SO(2) symmetry in the coordinates ¥; and w; so that
any solution will preserve three SO(2) angular momenta ¢; (i = 1,2,3). The kinetic terms are written as:

5.(., 2
Bitbu=3_ |#+%5
i

i=1
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5./,

Bitbu=3_ |#+%5
i=1 fi

@ The effective potential of the membrane becomes:
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28D | 20D | DR | w252 | N2 (52 | 52\ 4 m2 (52 | 52
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2 2
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The SO(3) sector

@ We will only consider the simplest possible case where the SO(6) variables ¥; and W; are set to zero:

Vi=w; =0, i=1,23.
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@ We will only consider the simplest possible case where the SO(6) variables ¥; and W; are set to zero:
Vi=w; =0, i=1,2,3.
We also scale-out the mass parameter p by setting:

t = pur, i = puj.

@ The effective potential of the membrane then becomes:

27 Tt [ 5

1
Vetr = 3 ulug + u%ug + u%ug + = (u% + ug + ug) — 2U1U2U3] .

9

@ This is a particular instance of the generalized 3-dimensional Hénon-Heiles potential:

1
VHH = 5 (u% + u% + u%) + K3 - uiupuz + Ko (u% + u% + u%)2 + Ky (ui1 + ug + ug) s

Efstathiou-Sadovskii (2004)
with K3 = =9, Ko = — Ky = 9/4.
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@ Here are the critical points of the SO(3) effective potential:

1 1
up =0, U1/6=6'(1,171): U1/3=§'(1,171)-

@ 6 more critical points can be obtained by flipping the sign of exactly two u;'s. This is consistent with the
manifest tetrahedral (T4) symmetry of the effective potential.

@ ug (a point-like membrane) and uy /3 (the Myers dielectric sphere) are global (degenerate) minima of the
potential while uy /6 is a saddle point:

1 1 2n Tt
Verr (0) = Verr (3) =0, Ve (6) =

@ The Hamilton equations of motion become:

. ) uy

= p1, p1=— [U1 (u§+u§)+37UQU3]
=p, pPp=- [U2 (u3 + ud) +§—U3U1]
. . u3

i3 = ps, p3 = — [U3 (Uerug)Jrgfuu&] .
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Radial stability analysis

@ By radially perturbing each of the 9 critical points as:

up = u?+6u;(t),
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Radial stability analysis

@ By radially perturbing each of the 9 critical points as:
=0 .
ui = up +6ui (t),

we may confirm the conclusion derived above by examining the corresponding Hessian matrix, i.e. that ug
and uy /3 are global minima (positive-definite Hessian) and u; /6 is a saddle point (indefinite Hessian):

critical point eigenvalues A2 (#) stability
ug fé 3), f% (6) center (S)
ur /6 %8 1), —1% 2), —% (6) | saddle point
ui/3 -3 (1), =5 (2), =3 (6) | center (S)

Axenides-Floratos-G.L. (2017a)
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Angular stability analysis

@ We may also perform more general (angular/multipole) perturbations of the following form:
xi(t) =x) +0x (1),  i=123,
where §x; is expanded in spherical harmonics Yy, (6, ¢):

xi(t)=pui(t)e, XX =ples,  Sxi(t)=p-> > 7" (t) Vim(0,6).

=1 m=—j
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Angular stability analysis

@ We may also perform more general (angular/multipole) perturbations of the following form:
xi (t) = x2 4 6x; (t), i=1,2,3,
where §x; is expanded in spherical harmonics Yy, (6, ¢):

x; (t) = pu;i (t) &, X0 = pule;, Sx; (t) = - Z Z 77 (t) Yim (6, 9) .

Jj=1 m=—j

@ For each of the critical points ug, uy /6, uy/3 we find the eigenvalues (Axenides-Floratos-G.L., 2017b):

1 1
uo A,%,:Aft:—§, A%:—%
1. . iG-3) 2,
Ul/ei/\frZO, AiZ*%(J+1)(J+4)» )\2_:7736 ; /\5:*%(12+J+1)
:A2 =0 A2 = L1y A2 = i -t
uy/3: Ap =0, +—*%(J+)7 -="3 9—*%(J+)

with multiplicities dp = 2j+ 1, d =2j+ 3, d— =2j— 1 and dy = 6(2j + 1), respectively.
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Angular stability analysis

@ The critical point ug (point-like membrane) is obviously stable.
@ uy /3 has a zero mode of degeneracy 2dp while all its other eigenvalues are stable for j =1,2,...

@ u; /6 has one 2dp-degenerate zero mode for every j and a 10-fold degenerate zero mode for j = 3. It is
unstable for j =1 (2-fold degenerate) and j = 2 (6-fold degenerate).

@ The above results were first obtained by (Dasgupta, Sheikh-Jabbari, Raamsdonk, 2002) from the BMN
matrix model point-of-view.

@ In the flat-space limit (x — 0), we recover the results of (Axenides-Floratos-Perivolaropoulos, 2000, 2001).
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@ Let us now consider the fully symmetric case:
U= ujp = up = us.

@ The membrane Hamiltonian is that of a double-well oscillator:

2, 2 _1)2
p—l—u(u 3 .

@ Here are the corresponding equations of motion:

H=2rTu*

. . 2 1
u=p, p=—u|2u +§—u.

Vi
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@ Let us now consider the fully symmetric case:
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U= ujp = up = us.
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@ The membrane Hamiltonian is that of a double-well oscillator:

0.0005

2 2 1\?
+ut|u— < .

@ Here are the corresponding equations of motion:

H=2rTu*

. . 2 1
u=p, p=—u|2u +§—u.

@ Define £ = E/2nTu*, £ = 6*. There are three kinds of orbits:
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@ Let us now consider the fully symmetric case:
U= ujp = up = us.
@ The membrane Hamiltonian is that of a double-well oscillator:
2
1
2 2
+utlu— < .
P ( 3) ]

@ Here are the corresponding equations of motion:

H=2rTu*

. . 2 1
u=p, p=—u|2u +§—u.

@ Define £ = E/2nTu*, £ = 6*. There are three kinds of orbits:
o (1) oscillations of small energies (€ < &c) around either of the
two stable global minima (up = 0,1/3) e (2) oscillations of larger
energies (€ > &¢) around the local maximum (up = 1/6)
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The spherically symmetric membrane

@ Let us now consider the fully symmetric case:
U= ujp = up = us.

@ The membrane Hamiltonian is that of a double-well oscillator:

2, 2 _1)2
p+u(u 3 .

@ Here are the corresponding equations of motion:

H=2rTu*

. . 2 1
u=p, p=—u|2u +§—u.

@ Define £ = E/2nTu*, £ = 6*. There are three kinds of orbits:
o (1) oscillations of small energies (€ < &c) around either of the
two stable global minima (up = 0,1/3) e (2) oscillations of larger
energies (€ > &:) around the local maximum (up = 1/6) e (3)
two homoclinic orbits through the unstable equilibrium point at
ug = 1/6 with energy equal to the potential height (£ = &.).
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The spherically symmetric membrane

@ The orbits may be computed from the initial conditions:

(=0,  uw(0)=¢+y/5+VE

where the = signs correspond to the
well potential.

right/left side of the double- N E T

uo(t)
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@ The orbits may be computed from the initial conditions: "ty
04
1 1 03
uO(O):()v UO(O):fiVj"’\/‘gv 02
6 6
0.1
where the £ signs correspond to the right/left side of the double- T Tio 0 N
well potential. ot
@ |Integrating the energy integral we find the solution: 03
0.2
1 1 1 1 04
w (t)==~+1/= +VE-en 2\/E-t7(1+7) ,
( ) 6 62 2 36\/? =30 =20 =10 10 20 30 ¢
up(t)
where only the plus sign should be kept for £ > &.. a
0.2
01
—40 \/zn z\/ 40 t
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The spherically symmetric membrane

@ The orbits may be computed from the initial conditions:

04
1 1 03
uO(O):()v UO(O):fiVj"’\/‘gv 02
6 6
0.1
where the £ signs correspond to the right/left side of the double- T 10 N
well potential. ot
@ |Integrating the energy integral we find the solution: 03
0.2
up (t) = :I:\/ +\/E en |\/2VE -t 1(1—}— ! ) B
o(t) == — -
6 36\/7 =30 =20 =10 10 20 30 ¢
Uy (t)
where only the plus sign should be kept for £ > &.. a
@ For the critical energy £ = & the homoclinic orbit is obtained: 02
01
(t) 1 sech ( t ) a0\ eV ¢
L = — _ — . z
Pl =5 * f 3v2
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Period

@ The period as a function of the energy is given in terms of 70t

the complete elliptic integral of the first kind: sof
s0f
2 1 1
TE)=2 —-K(7<1+7)), a0f
2 \ Ve 2 36VE "
it becomes infinite for the homoclinic orbit £ = &.. For 20
more, see e.g. Brizard-Westland (2017). 10} |
1&e
0.0005 YT 50015 ©
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Plane-wave backgrounds

Plane-fronted gravitational waves with parallel rays (pp-waves)

@ pp-waves were originally introduced in the so-called Brinkmann coordinates:
ds® = H(u,x,y)du2 + 2dudv + dx® + dy?.
Brinkmann (1925)
@ Equivalently, they can be defined as spacetimes that admit a covariantly constant null Killing vector:
Vmkn =0, k"kn = 0.

Ehlers-Kundt (1962)

@ Plane-wave spacetimes are special pp-waves; the gravitational wave analogue of e/m plane waves...
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pp-waves & plane-waves in d + 1 dimensions

@ The metric of a pp-wave in d 4+ 1 dimensions is given by:
. . . L 1
ds? = —2dxTdx™ — F(xT,x")dxtdxT + 2A;(xT, x")dxTdx! —‘,—gjk(er,x’)dX‘/ka7 xT = 7 <x0 :I:xd) ,

where i,j =1,2,...d — 1 and (F, Aj, gjx) are determined from the supergravity equations of motion.
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where i,j =1,2,...d — 1 and (F, Aj, gjx) are determined from the supergravity equations of motion.

@ For Aj =0, gjx = djx, pp-waves are o’—exact supergravity solutions:

ds? = —2dxTdx™ — F(xT,x")dxTdx™ + dxdx’.

@ Plane-waves are pp-waves for which F(x*,x') = f;(x")x'x/, A; =0 and gjx = djx:

ds? = —2dxTdx™ — 1“,:,-(X+)X"xf‘dx+dxJr + dxdx’.
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Plane-wave backgrounds

pp-waves & plane-waves in d + 1 dimensions

@ The metric of a pp-wave in d 4+ 1 dimensions is given by:
. . . L 1
ds? = —2dxTdx™ — F(xT,x")dxtdxT + 2A;(xT, x")dxTdx! —‘,—gjk(er,x’)dX‘/ka7 xT = 7 <x0 :I:xd) ,
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— 2 .
@ Homogeneous plane-waves have fj;(x) = j, constant:

ds® = —2dxTdx™ — u?jxixjdx+dx+ + dxdx’.
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@ Plane-waves are pp-waves for which F(x*,x') = f;(x")x'x/, A; =0 and gjx = djx:

ds? = —2dxTdx™ — 1“,:,-(X+)X"xf‘dx+dxJr + dxdx’.

— 2 .
@ Homogeneous plane-waves have fj;(x) = j, constant:

ds® = —2dxTdx™ — u?jxixjdx+dx+ + dxdx’.

@ Homogeneous and isotropic plane-waves have u; = u:
ds?® = —2dxTdx™ — pPx'x dxTdxT + dx'dx’.
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Plane-wave backgrounds

Properties of plane waves

@ Penrose limit: Any spacetime has a plane-wave as a limit  (Penrose, 1975 & Giiven, 2000).

@ o/-exact solutions of supergravity (with or without flux terms).
Amati-Klimeik (1988), Horowitz-Steif (1990)

@ Maximally susy backgrounds of 11-dimensional & IIB sugra (along with flat space and AdS, /5 /7 X 57/5/4).
Figueroa-O'Farrill & Papadopoulos (2003)

@ |IB superstring 0 model exactly solvable & quantizable on the 10-dimensional maximally susy background.
Metsaev (2001), Metsaev-Tseytlin (2002)

@ BMN sector of AdS5/CFTj4: Penrose limit of 1B string theory on AdSs x S% <> BMN limit of A" = 4 SYM
Berenstein-Maldacena-Nastase (2002)
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Membranes in the light-cone gauge
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Membranes in the light-cone gauge

Bosonic membrane in a curved background

@ Dirac-Nambu-Goto (DNG) action:

1

Song = 7T/d'rd20 V=h+ X" X" X" Aram (X) ¥, T=—F—,
(2m) Z%l

where (m,n,r,s =0,...,10),

hij = Gmn0; X™9; X" (induced metric) h = det hj; & Fmnrs = 40|mApys)  (field strength)

and Apys is the (antisymmetric) 3-form field of 11-dimensional supergravity.
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Membranes in the light-cone gauge

The light-cone gauge

@ In the light-cone gauge, we write:

xi:%(xoixw) & Xt=n

Goldstone-Hoppe (1982)
@ The light-cone Hamiltonian is then written as follows (G__ = G,— = 0):

1 Gy P_—cC_ 2
H=T /[ d?°{=—""F—_|(P.—-C, - —=¢G, ZGopGeg {X?, XM X, x| —
/ ‘7{2 P _C_ |:( G +) + 5 ab Ged { H }

1P_—C_ 1
LT TG —Ci+——— | C_Chm —{X2, XPIP.C_ | b,
2 G, ++ ++P_fC_[ + {x2, X"} +b]}

de Wit, Peeters, Plefka (1998)
where (a, b,c,d =1,...,9),

Ci = Chap— HX°DXE, Col = —Co{X, X}, Co=-— (c_ab{xb,x—} + cabcalxbaQXC) .
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Membranes in the light-cone gauge

Poisson bracket

The Poisson bracket is defined as:

(fgl= ——_ 9,fdg=

1
(@) (@)

where d?0 = \/w () do1 doy. In a flat space-sheet, w (o) = 1.

(01f Bog — Oof O1g),
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Membranes in the light-cone gauge

Poisson bracket

The Poisson bracket is defined as:

(fgl= ——_ 9,fdg=

1
(@) (@)

where d?0 = \/w () do1 doy. In a flat space-sheet, w (o) = 1. In spherical coordinates, y/w (6) = sin 6:

(01f Bog — Oof O1g),

(cos ¢sin 0, sin ¢sin 6, cos 0), ¢ €[0,27), 6€]0,n].
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Membranes in the light-cone gauge

Light-cone gauge in the plane-wave background

@ In the maximally supersymmetric plane-wave background,

[N]
N
o

Gio=—1,  Gup=0m, Gro=-3 -5y 6 _=Gi=0
9 i=1 36 Jj=1

C.=Ci_=C,=0, Ci= %e,'jkaleangxk,

the light-cone Hamiltonian becomes (for P— = —1):

He %/dzg |:p2+%{Xi’xj}2+%{yi’yj}2+{xi7yj}2+ u29x2 N u;g

2

| i\ K
—ge,-_,-k {x’,xj}x }

@ The corresponding equations of motion and the GauB law constraint read:

o S NS
$={{xog) o)+ L by = ot Sen booad, o {Kxp+ {7y} =0
i=1 j=1

2
. 5
i =iyt + ikt = 36 v
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Matrix models

M-theory on a plane wave

@ Much of our interest in plane-wave backgrounds derives from the fact that the BMN matrix model,
9

1. 1 . 12 1
H:Tr[7x2_z[x/,xJH 5 ZN Z%f eukXXXk + fermions,

Berenstein-Maldacena-Nastase (2002)

describes M-Theory on the 11-dimensional maximally supersymmetric plane-wave background:

2 3
ds® = —2a T ebx” — % XX+ Zy v/ | dxTdxt 4 dxidx’ 4 dyldy/, Fios+ = p.
i=1 J 1
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Matrix models

M-theory on a plane wave

@ Much of our interest in plane-wave backgrounds derives from the fact that the BMN matrix model,

9
1.2 1 . 12 1 p, u .
H=Tr Px -3 [XI,XJ] } 5> Z Z X J2 E,ka iX;Xx | + fermions,
Berenstein-Maldacena-Nastase (2002)
describes M-Theory on the 11-dimensional maximally supersymmetric plane-wave background:

2 3
ds? = —2dc b % D_ XK+ 36 Zy Y| dxtdxt +dxdx’ +dydy!,  Frosy =p.
i=1 Jj=1

@ Here's the full Hamiltonian of the BMN matrix model (with the fermions):
s 2 12 o T 2ip
H= Ho+— Tr Z X Z X3 _79 1230 + - XXX |

where Hp is just the BFSS Hamiltonian describing M-theory in flat (u = 0) space:

1 )
Ho = Tr [2x = [x' XJ] 10T [x',e]] (Banks-Fischler-Shenker-Susskind, 1996).
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Matrix models

M-theory on a plane wave from membranes

@ As shown by Dasgupta, Sheikh-Jabbari and Van Raamsdonk in 2002, the BMN matrix model can be
derived by regularizing the light-cone (super)membrane in the 11-dimensional maximally susy plane-wave
background.
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M-theory on a plane wave from membranes

@ As shown by Dasgupta, Sheikh-Jabbari and Van Raamsdonk in 2002, the BMN matrix model can be

derived by regularizing the light-cone (super)membrane in the 11-dimensional maximally susy plane-wave
background.

@ Equivalently, the light-cone (super)membrane on the maximally susy plane-wave background can be seen
as the continuum/classical/large-N limit (matrix dimensionality N — oco) of the BMN matrix model.
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